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I. INTRODUCTION 



Differential geometric techniques plays an important role in formulation and mathemati- 
cal formalization of models of fundamental interactions of physical fields. In the last twenty 
years there has been a substantial interest in the construction of difi^erential supergeometry 
with the aim of getting a framework for the supersymmetric field theories (the theory of 
graded manifolds [1-4] and the theory of supermanifolds [5-9]). Detailed considerations of 
geometric and topological aspects of supermanifolds and formulation of superanalysis are 
contained in [10-16]. 

Spaces with local anisotropy are used in some divisions of theoretical and mathematical 
physics [17-20] (recent applications in physics and biology are summarized in [21,22]). The 
first models of locally anisotropic (la) spaces (la-spaces) have been proposed by P.Finsler 
[23] and E.Cartan [24]. Early approaches and modern treatments of Finsler geometry and its 
extensions can be found in [25-30] . We shall use the general approach to the geometry of la- 
spaces, developed by R.Miron and M.Anastasiei [26,27], as a starting point for our definition 
of supcrspaces with local anisotropy and formulation of la-supergravitational models. 

In different models of la-spaces one considers nonlinear and linear connections and met- 
ric structures in vector and tangent bundles on locally isotropic space-times ((pseudo)- 
Riemannian, Einstein-Cartan and more general types of curved spaces with torsion and 
nonmetricity) . It seems likely that la-spaces make up a more convenient geometric back- 
ground for developing in a selfconsistent manner classical and quantum statistical and field 
theories in non homogeneous, dispersive media with radiational, turbulent and random pro- 
cesses. In [31-35] some variants of Yang-Mills, gauge gravity and the definition of spinors on 
la-spaces have been proposed. In connection with the above mentioned the formulation of 
supersymmetric extensions of classical and quantum field theories on la-spaces presents a 
certain interest 

In works [36-38] a new viewpoint on differential geometry of supermanifolds is discussed. 
The author introduced the nonlinear connection (N-connection) structure and developed a 
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corresponding distinguished by N-connection supertensor covariant differential calculus in 
the frame of De Witt [5] approach to supermanifolds, by considering the particular case of 
superbundles with typical fibres parametrized by noncommutative coordinates. This is the 
first example of superspace with local anisotropy. But up to the present we have not a gen- 
eral, rigorous mathematical, definition of locally anisotropic superspaces (la-superspaces) . 

In this paper we intend to give some contributions to the theory of vector and tangent 
superbundles provided with nonlinear and distinguished connections and metric structures 
(a generalized model of la-superspaces). Such superbundles contain as particular cases the 
supersymmetric extensions of Lagrange and Finsler spaces. We shall also formulate and 
analyze two models of locally anisotropic supergravity. 

The plan of the work is the following: After giving in Sec. II the basic terminology on 
supermanifolds and superbundles, in Sec. Ill we introduce nonlinear and linear distinguished 
connections in vector superbundles. The geometry of the total space of vector superbundles 
will be studied in Sec. IV by considering distinguished connections and their structure equa- 
tions. Generalized Lagrange and Finsler superspaces will be defined in Sec.V. In Sec. VI the 
Einstein equations on the la-superspaces are written and analyzed. A version of gauge like 
la-supergravity will be also proposed. Concluding remarks and discussion are contained in 
Sec. VII. 

II. SUPERMANIFOLDS AND SUPERBUNDLES 

In this section we outline some necessary definitions, concepts and results on the theory 
of supermanifolds (s~manifolds) [5-14] . 

The basic structures for building up s-manifolds (see [6,9,14]) are Grassmann algebra 
and Banach space. Grassmann algebra is considered a real associative algebra A (with unity) 
possessing a finite (canonical) set of anticommutative generators j3^, Ij3a^Pb\+ ~ I^aI^c + 
l^cl^A — 0' where A,B,... — 1,2, ...,L. This way it is defined a Z2-graded commutative 
algebra Aq -|- Ai, whose even part Aq (odd part Ai) represents a 2-^~^-dimensional real 
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vector space of even (odd) products of generators After setting Kq — TZ-\- Aq', where TZ 
is the real number field and Aq' is the subspace of A consisting of nilpotent elements, the 
projections a : A ^ TZ and s : A — > Aq' are called, respectively, the body and soul maps. 

A Grassmann algebra can be provided with both structures of a Banach algebra and 
Euchdean topological space by the norm [6] 

A superspace is defined as a product 

A"''' = AoX...xAo xAiX...xAi . 

^ V ' V ' 

n k 

This represents the A-envelope of a Z2-graded vector space V'^''^ — Vo<SiVi — W^®TZ^, which 
is obtained by multiplication of even (odd) vectors of V by even (odd) elements of A. The 
superspace (as the A-envelope) posses {n + k) basis vectors i = 0,l,...,n — 1, and 

/Sj, ,i — 1,2, ...k}. Coordinates of even (odd) elements of V^'^ are even (odd) elements 
of A. On the other hand, a superspace V^'^ forms a (2^~^)(n + A;)-dimensional real vector 
spaces with a basis {A(a), 

Functions of superspaces, differentiation with respect to Grassmann coordinates , super- 
smooth (superanalytic) functions and mappings are defined by analogy with the ordinary 
case, but with a glance to certain specificity caused by changing of real (or complex) number 
field into Grassmann algebra A. Here we remark that functions on a superspace A"''^ which 
takes values in Grassmann algebra can be considered as mappings of the space 7?.^^'^ ^))(n+fc) 
into the space 7i?^ . Functions being differentiable with regard to Grassmann coordinates 
can be rewritten via derivatives on real coordinates, which obey a generalized version of 
Cauchy-Riemann conditions. 

A (n, /c)-dimensional s-manifold M is defined as a Banach manifold (see, for example, 
[39]) modelled on A"''^ endowed with an atlas = {U{i),'^{i) ■ U{i) — > A"''^, (i) e J} whose 
transition functions are supersmooth [6,9]. Instead of supersmooth functions we can use 
G°°-functions [6] and define G°°-supermanifolds (G°° denotes the class of superdifferentiable 
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functions) . The local structure of a G°°-supermanifold can be built very much as on a C°°- 
manifold. Just as a vector field on a n-dimensional C°°-manifold can be expressed locally 

as 

Q 

where fi are C°°-functions, a vector field on an (n, A;)-dimensional G°°-supermanifold M can 
be expressed locally on an open region UcM as 

d 



where x — {x,9) = {x^ = (x*,^*)} are local (even, odd) coordinates. We shall use indices 
/ = {i,i),J = {j,j),K = {k,k),... for geometric objects on M. A vector field on U is 
an element XcEnd[G°°{U)] (we can also consider supersmooth functions instead of G°°- 
functions) such that 

X{f9) = {Xf)g+{-f^^''\fXg, 

for all in G°°{U), and 

X{af) = (-)l^"'^'aX/, 

where \X\ and \a\ denote correspondingly the parity (= 0, 1) of values X and a and for 
simplicity in this work we shall write (— ) instead of (—1) . 

A super Lie group (sl-group) [7] is both an abstract group and a s-manifold, provided that 
the group composition law fulfils a suitable smoothness condition (i.e. to be superanalytic, 
for short, sa [9]). 

In our further considerations we shall use the group of automorphisms of A*^"''^^ denoted 
as GL{n, k, A), which can be parametrized as the super Lie group of invertible matrices 



Q 



where A and D are respectively {nxn) and {kxk) matrices consisting of even Grassmann 
elements and B and C are rectangular matrices consisting of odd Grassmann elements. 



A matrix Q is invertible as soon as maps aA and aD are invertible matrices.A sl-group 
represents an ordinary Lie group included in the group of linear transforms GL{2^~^{n + 
k),TZ). For matrices of type Q one defines [1-3] the superdeterminant,s(iet(5, supertrace, 
strQ, and superrank, sran/cQ. 

One calls Lie superalgebra (sl-algebra) any Z2-graded algebra A — Ao^Ai endowed with 
product [, } satisfying the following properties: 

[/,[/',/"}} = [[/,/'},/"} + 

/eA|/|, where |/|, |/'| =0,1 enumerates, respectively, the possible parity of ele- 

ments /, /'. The even part Aq of a sl-algebra is a usual Lie algebra and the odd part Ai 
is a representation of this Lie algebra.This enables us to classify sl-algebras following the 
Lie algebra classification [40]. We also point out that irreducible hnear representations of 



Lie superalgebra A are realized in Z2-graded vector spaces by matrices 



elements and 



for even 



for odd elements and that, roughly speaking, A is a superalgebra of 



generators of a sl-group. 

An sl-module W (graded Lie module) [7] is a Z2-graded left A-module endowed with 
a product [, } which satisfies the graded Jacobi identity and makes W into a graded- 
anticommutative Banach algebra over A. One calls the Lie module G the set of the left- 
invariant derivatives of a sl-group G. 

One constructs the supertangent bundle (st-bundle) TM over a s-manifold M, tt : TM — > 
M in a usual manner (see, for instance, [39]) by taking as the typical fibre the supcrspace 
^n,k ^Yie structure group the group of automorphisms, i.e. the sl-group GL{n, k, A). 

A s-manifold and a st-bundle TM may be represented as a certain 2^~^(n-|-A;)-dimensional 
real manifold and the tangent bundle over it whose transition function obey the special 
conditions of Cauchy-Riemann type. 
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Let us denote E a vector superspace (vs-space) of dimension (m, V) (with respect to a 
chosen base we parametrize an element y E 8 y = {yX) = {v^ = (l/";C")}i where 
a — 1,2, ...,m and a = 1,2, I). We shall use indices A = {a,d),B = {b, b), ... for objects 
on vs-spaces. A vector superbundle (vs-bundle) E over base M with total superspace E, 
standard fibre T and surjective projection tie '■ E^M is defined (see details and variants in 
[11,16]) as in the case of ordinary manifolds (see, for instance, [39,26,27]). A section of £ is 
a supersmooth map s : U^E such that tte-s — idu. 

A subbundle of ^ is a triple {B, f, /'), where S is a vs-bundle on M, maps / : B^E 
and /' : M^M are supersmooth, and (i) ttbo/ = /'ott^; (ii) f : 7r^^(a;)^7r^^o/'(a;) is a 
vs-space homomorphism. 

We denote hy u = {x, y) = {x, 9, y, Q = {-u" = {x^ , y^) = {x\ 6\ y"-, C") = {x\ x\ y", y"')} 
the local coordinates in £ and write their transformations as 

x^ =x^{x^), srank{-^-Y) = {n, k), (1) 

y^' = M^{x)y^, where (a;)eG(m, /, A). 

For local coordinates and geometric objects on ts-bundle TS we shall not distinguish 
indices of coordinates on the base and in the fibre and write, for instance, u — {x, y) = 
{x, 9, y, C) = = {x^, y^) = {x\ e\ y\ C) = {x\ x\ y\ y')}. 

Finally, in this section, we remark that to simplify considerations in this work we shall 
consider only locally trivial super fibre bundles. 

III. NONLINEAR CONNECTIONS IN VECTOR SUPERBUNDLES 

The concept of nonlinear connection (N-connection) was introduced in the framework of 
Finsler geometry [24, 41, 42]. The global definition of N-connection is given in [43]. In works 
[26,27] nonlinear connection structures are studied in details. In this section we shall present 
the notion of nonlinear connection in vs-bundles and its main properties in a way necessary 
for our further considerations. 
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Let us consider a vs-bundle £ — {E, tte, M) whose type fibre is T and tt^ : TE^TM 
is the superdifferential of the map txe (tt^ is a fibre-preserving morphism of the st- bundle 
(T£, te-i M) to E and of st-bundle (TM, r, M) to M). The kernel of this vs-bundle morphism 
being a subbundle of {TE, te, E) is called the vertical subbundle over £ and denoted by 
VS = {VE,Tv,E). Its total space is V£ — Uue£ K*, where T4 = kern'^, ue£. A 
vector 



A 



d - d d ' d 

_j_ Y^—— -\- Y"' -\- Y"'- 



dx' d9' dy'' 
tangent to £ in the point u G £ is locally represented as 

{x\9\r:C:y\y\y%y')- 



Definition 1 A nonlinear connection, N-connection, in sv-bundle £ is a splitting on the left 
of the exact sequence 

Oi — ,V£ ^ T£\ — >T£/V£\ — ^0, (2) 
i.e. a morphism of vs-hundles N : T£ e V£ such that Noi is the identity on V£. 

The kernel of the morphism N is called the horizontal subbundle and denoted by 
{HE,te,E). Prom the exact sequence (2) one follows that N-connection structure can be 
equivalently defined as a distribution {E^ HuE, T^E = HuE(BVuE} on E defining a global 
decomposition, as a Whitney sum, 

T£^H£ + V£. (3) 
To a given N-connection we can associate a covariant s-derivation on M: 

f)YA 

Vxy = X'{^ + Nf{x,Y)}sA, (4) 
8 



where sa are local independent sections oi Y — Y^sa and X — X^sj. 

S-differentiable functions Nf from (4) written as functions on and y^, Nf{x,y), 
are called the coefficients of the N-connection and satisfy these transformation laws under 
coordinate transforms (1) in £: 

If coefficients of a given N-connection are s- differentiable with respect to coordinates 
we can introduce (additionally to covariant nonlinear s-derivation (4)) a linear covariant 

s-derivation D (which is a generalization for sv-bundles of the Berwald connection [44]) given 

as follows: 



where 



and 



N^ci^,y) = 0. 

For a vector field on £^ Z — + Y"^-^ and B — B^{y)-^ being a section in the 

vertical s-bundle (VE, ry, E) the linear connection (5) defines s-derivation (compare with 
(4)): 

DzB^[Z\^ + N^,B^)+Y^^^^^ ^ 



dx^ ' ^ ' dyB^dy^' 

Another important characteristic of a N-connection is its curvature: 

1 d 

Q, = -nfjdx^ A dx-^ (g) -—^ 

2 oy^ 

with local coefficients 

oA _ _ (_)\IJ\^I^ , jsrBjsrA _ (_)\IJ\jsrBji^A 

where for simplicity we have written (— ^^H'^^l = 



We note that linear connections are particular cases of N-connections, when Nf{x, y) are 
parametrized as Nf{x,y) = K^j{x)x^y^ , where functions K^j{x), defined on M, are called 
the Christoffel coefficients. 



IV. GEOMETRY OF THE TOTAL SPACE OF A SV-BUNDLE 

The geometry of the sv- and st-bundles is very rich. It contains a lot of geometrical objects 
and properties which could be of great importance in theoretical physics. In this section we 
shall present the main results from geometry of total spaces of sv-bundles.In order to avoid 
long computations and maintain the geometric meaning the notion of nonlinear connections 
will systematically used in a manner generalizing to s-spaces the classical results [26,27]. 

A. Distinguished tensors and connections in sv-bundles 

In sv-bundle £ we can introduce a local basis adapted to the given N-connection: 

where di = and Sa = are usual partial s-derivations. The dual to (6) basis is defined 

as 

{5^ = 5x^ = dx\ = 5/ = dy^ + Nf{x, y)dx^). (7) 

By using adapted bases (6) and (7) one introduces algebra DT{S) of distinguished tensor 

s-fields (ds-fields, ds-tensors, ds-objects) on T = T^g , which is equivalent to the tensor 

algebra of sv-bundle tt^ : H8®V£^£ , hereafter briefly denoted as £d- An element Q^T^J", 
I 



, ds-field of type 



q s 



, can be written in local form as 

Q = y)^h ^...^Si^^dx-^'^...^ 
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dx-'" (8) <8) ... ® (8) 5y^^ ® 5y^' . 



(8) 



In addition to ds-tensors we can introduce ds-objects with various s-group and coordinate 
transforms adapted to global splitting (3). 

Definition 2 A linear distinguished connection, d- connection, in sv- bundle 8 is a linear 

connection D on £ which preserves by parallelism the horizontal and vertical distributions 
in £. 

By a linear connection of a s-manifold we understand a linear connection in its tangent 
bundle. 

Let denote by S(M) and respectively, the modules of vector fields on s-manifold 

M and sv- bundle £ and by T{M) and J-{£)i respectively, the s-modules of functions on M 
and on £. 

It is clear that for a given global splitting into horizontal and vertical s-subbundles (3) we 
can associate operators of horizontal and vertical covariant derivations (h- and v- derivations, 
denoted respectively as D'^^^ and D^'')) with properties: 



for every / e J^{M) with decomposition of vectors X, y e S(£^) into horizontal and vertical 
parts, X^hX + vX and Y ^ hY + vY. 

The local coefficients of a d- connection D m. £ with respect to the local adapted frame 
(6) separate into four groups. We introduce local coefficients {L^ jk{u),L^bk{u)) of D^'^'> 
such that 



DxY = {XD)Y = DnxY + D,xY, 



where 



D^J^'Y^DhxY, D^J^>f^{hX)f 



and 



D^Y = D^xY, D^f = {vX)f, 
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and local coefficients {C^ jc{u), C^bc{u)) such that 



BC 



d 



where / e ^{S). The covariant d-derivation along vector X = X^-^ + Y^-^ of a ds-tensor 



field Q of type 



, see (8), can be written as 



where h-covariant derivative is defined as 



D^Q = X^'Q'ji^K^i^dA^dx'^dy^, 



with components 



^JB\K 



^QjB I tI r>HAj_TA TxrlC tH TxrlA jC jxrIA 
+ ^ HkQjb + ^ CKVVjb - ^ JKVVjjb - L BKVVjc, 



and v-covariant derivative is defined as 



with components 



Q 



lA 

JB±C 



dQ 



lA 
JB 



dy' 



+ HCQjB + ^ DCQjB " ^ JCQhB " ^ BCQjD- 



The above presented formulas show that 



DT = (L, L, C, C) = 



(L^j;,(ii), L^bk{u), C'ja{u), C^Bciu)) 
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are the local coefficients of the d-connection D with respect to the local frame (^fr, g^s-)- If 
a change (1) of local coordinates on £ is performed, by using the law of transformation of 
local frames under it 

( Sa = {Si, Sa) I — > Sa' = {Sr, Sa'), (9) 



where 



5i' = Q^Si, Oa' = Mi,{x)dA ), 



we obtain the following transformation laws of the local coefficients of a d-connection: 

j^j, dx^' dx-^ dx^ dx^' d'^x^ 

dx^ dx"^' dx^' dx^ dx''' dx^' ^ 



and 



Cjic = "Ox^'dx^^'^'^ JcC's'c = M^MqiC bc- 



As in the usual case of tensor calculus on locally isotropic spaces the transformation laws 
(10) for d-connections differ from those for ds-tensors, which are written (for instance, we 
consider transformation laws for ds-tensor (8)) as 

We note that defined distinguished s-tensor algebra and d-covariant calculus in sv-bundles 
provided with N-connection structure is a supersymmetric generalization of the correspond- 
ing formalism for usual vector bundles presented in [26,27]. To obtain Miron and Anastasiei 
local formulas we have to restrict us with even components of geometric objects by changing, 
formally, capital indices {I,J,K,...) into {i,j,k,a,..) and s-derivation and s-commutation 
rules into those for real number fields on usual manifolds. For brevity, in this work we shall 
omit proofs and cumbersome computations if they will be simple supersymmetric general- 
izations of those presented in the just cited monographs. 
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B. Torsion and curvature of the distinguished connection in sv-bundle 

Let £ — {E, tte, M) be a sv-bundle endowed with N-connection and d-connection struc- 
tures. The torsion of d-connection is introduced into usual manner: 



T{X, Y) = [X, DY} - [X, Y}, X, YcE{M). 



The following decomposition is possible by using h- and v-projections (associated to N): 



T{X, Y) = T{hX, hY) + T{hX, vY) + T{vX, hX) + T{vX, vY). 



Taking into account the skewsupersymmetry of T and the equation h\vX, vY} = we can 
verify that the torsion of a d-connection is completely determined by the following ds-tensor 



hT{hX, hY) = [X{D^^^h)Y} - h[hX, hY}, 
vT{hX, hY) = -v[hX, hY}, 
hT{hX,vY) = -D^Y^hX - h[hX,vY}, 
vT(hX, vY) = dPvY - v[hX, vY}, 
vT{vX,xY) = [X{D^''^v)Y} - v[vX,vY}, 



where X,Y & "^i^)- order to get the local form of the ds-tensor fields which determine 
the torsion of d-connection DT (the torsions of DF) we use equations 



fields: 




where 





dNf d 
dy^ dy 



and introduce notations 




5x^^ Sx-^ 



S 5 



5 



Sx^ ' Sx"^ 



6 6 



fA 
'-JK 



dy 



d 



(11) 
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~ dy^ ' dx^ Sx^ ' dy^ ' Sx"^ dy^ 



' ' dy^ dy^ 
Now we can compute the local components of the torsions, introduced in (11), with 
respect to the frame (^, ^), of a d-connection DT — (L, L, (7, C) : 

r^JK = JK — ( — )^'^^^L^KJ, Tjj^ — R^JK, PjB — C^JB, (12) 



pA tA qA r<A I \\BC\^A 

r JB — -^^^ Li BJ, ^ BC — ^ BC — \ — ) ^ 



CB- 



The even and odd components of torsions (12) can be specified in explicit form by using 
decompositions of indices into even and odd parts (/ = J — {j,j), ..), for instance, 

rpi Tl T i rpi T i I T i 

J- jk — -l^ jk - ^ kj, J- fk — ^ jk + ^ kj^ 

rpi T i r ^ 

1 ji^ — ^ jk ^ kji ■ ■ -1 

and so on. 

Another important characteristic of a d-connection DT is its curvature: 

R{X,Y)Z = D^xDy}-D^x,y}Z, 
where X, F, Z G '^{E). By using h- and v-projections we can prove that 

vR{X, Y)hZ = 0, hR{X, Y)vZ = (13) 

and 

R{X, Y)Z = hR{X, Y)hZ + vR{X, Y)vZ, 

where X,Y,Z G S(£'). Taking into account properties (13) and the equation R{X,Y) = 
— (— )'^^'i?(F, X) we prove that the curvature of a d-connection D in the total space of a 
sv-bundle £ is completely determined by the following six ds-tensor fields: 

R{hX, hY)hZ = {D^^D^ - D^^^^^y^ - D^^^^^y^)hZ, (14) 

R{hX, hY)vZ = {D^D^ - - D^;^^^^y^)vZ, 

15 



where 



R{vX, hY)hZ = [D'fM] - d'^Ihy} - D\:lc,,yy)hZ, 

R{vX, hY)vZ = {D^$D^ - D^l^y^ - 

R{vX,vY)hZ = {D{^D^^l - D{Xy^)hZ, 
R(vX,vY)vZ = (d[^D^^I Dl:l^y^)vZ, 



'[X ^Y} 
'[X ^Y} 



and 



We introduce the local components of ds-tensor fields (14) as follows: 

R{5k, 6j)6h = RhjkSi, R{Sk, Sj)dB = R-B.jKdA, (15) 

R{dc, Sk)Sj = Pj'kc^i, R{dc, SK)dB = PB^^KcdA, 

R{dc, dB)5j = Sj.BcSi, R{dD, dc)dB = Sb^cdOa. 

Putting the components of a d-connection DT — (L, L, C, C) in (15), by a direct computa- 
tion, we obtain these locally adapted components of the curvature (curvatures): 

D -f X r-f ( tI \ tM tI / \\kj\j-m tI , r^i 

-n-i? JK — OrJ^ HJ — \ — ) ajJ-i HK + -t^ HJJ-i MK — \ — ) Li hkLi mJ + ^ HAJ^ JK, 

RbJK — ^rL^BJ — {—)^^^^5jL^BK + LP BjL^CK — {—)^^^^L'~'bkL^KJ + C^BCR*^ JK: 

RjKA — 9aL^JK — C^JA\K + JbP^ KA: (16) 

Pb'^KC — dcL'^BK — C^BC\K + C^bdP^ KC, 
SisC = dcC'jB - {-f'^dBC'jc + C'jB - {-f^C'jcC'HB: 
^B CD — BC — \~) O'cO SD -f- O bC'^ ED — \— ) BD'^ EC- 
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We can also compute even and odd components of curvatures (16) by splitting indices 
into even and odd parts, for instance, 

Rhjk — ^kL^hj — SjL^hk + L^hjL^mk ~ L^hkL^mj + C^haR^jk, 
^hjk = ^k^'hj + ^jL\f, + U^hjL^k + U^f^f^Umj + C\aR°'j% , ■ ■ 

(we omit the formulas for the rest of even-odd components of curvatures because we shall 
not use them in this work). 

C. Bianchi and Ricci Identities for d-Connections in SV— Bundles 

The torsion and curvature of every linear connection D on sv-bundle satisfy the following 
generalized Bianchi identities: 

^ [iDxT){Y, Z) - R{X, Y)Z + T(T(X, F), Z)] = 0, 
sc 

J2[iDxRmY,Z) + RiT{X,Y)Z)U]=Q, (17) 
sc 

where J2sc means the respective supcrsymmretric cyclic sum over X, Y, Z and U. If D is a 
d-connection, then by using (13) and 

v{DxR){U, Y, hZ) = 0, h{DxR{U, Y, vZ) = 0, 

the identities (17) become 

^ [h{DxT){Y, Z) - hR{X, Y)Z + hT{hT{X, Y), Z) + hT{vT{X, Y), Z)] = 0, 
sc 

HDxT){Y, Z) - vR{X, Y)Z + vT{hT{X, Y),Z) + vT{vT{X, Y), Z)] = 0, 

sc 

J2 [h{DxR){U, Y, Z) + hR{hT{X, Y), Z)U + hR{vT{X, Y), Z)U] = 0, 
sc 

^ [v{DxR){U, Y, Z) + vR{hT{X, Y), Z)U + vR{vT{X, Y), Z)U] = 0. (18) 
sc 



17 



In order to get the local adapted form of these identities we insert in (18) these necessary 
values of triples (X, Y, Z),{ = {Sj, Sk, Sl), or {Od, dc, ds),) and putting successively U — 
Sh and U = Oa- Taking into account (11), (12) and (14), (15) we obtain: 

[T^ JK\H + jkT'-' HM + JkC^ HA — R/ Kh] = 0, 

SC[L,K,J} 

JK\H HM + R^ jkP hb] — 0, (19) 

SC[L,K,J} 

ril I \\JK\/^I rpl I /-lM rpl I \\JK\^M rpl , 

^ JB\K — [ — ) KB\J — -L JK\B -r O jbI KM — { — ) ^ KB^ JM+ 

-L JK^ MB -r r jfiO KD — \—) -i KB^ JD + -TJ kB ~ \~ ) JB — U, 

pA ( \\KJ\t3A jdA I tdA ( \\KJ\y-,M jdA , 

JB\K — \~) -< KB\J ~ -K JK±B + JS-K KM — \ — j XB-K JM + 

rpM tdA I r,D pA / \\KJ\t:,D pA p-D qA , p A _ rv 

-t JJC-r MB + -r JB-T KD — [ — ) r kB^ JD — ^ JK>^ BD + ^BJK — '^i 

rii I \\BC\^i I ^M r<i I \\BC\^M r<i , qD r<i q-i n 

<^ JB±C — [—) ^ JC±B + ^ JC^ MB — [ — ) ^ JB^ MC + >^ BC'^ JD — >^J.BC — 

pA ( \\liC\-pA I oA \ nM tdA I \\BC\(~iM pA , 

-r JB±C — [ — ) -< JC±B + 'J BC\J + JC-T MB — [ — ) ^ JB^ MCr 

P'^JbS^CD - i-f^^P^'jcS^BD + S^BCP^JD + Pb^ JC " {-f^^Pc^JB = 0, 

E [S^BCA-D + BcS^DF — Sb^Cd] — 0, 

SC[B,C,D} 

E [-R^ir'^i? J|L — T'^ HjRk^ LM — R^HjPk-LA[ — 0) 

SC[H,J,L} 

Erp-A pA pC p A in 

L-n-D-ifJIL - J- Hji^DLM - ^ HJ^D LC\ — U, 

SC[H,J,L} 

^K JD\L ~ \~) ^KLD\J + LJ±D + ^ LD^Lk JM " [—) ^ JD^Lk LM- 

rpM pi I pA pi ( \\LJ\pA pi pA Q-I _ r. 

JL^K-MD + ^ LDr^K JA - \-) ^ JD^K LA " ^ JL^K-AD " U, 

p A / \\LJ\p A I p-A \ p ^ ( \\i^An^ p ^ 

-rc JD\L — \—) -rc LD\J ^ ticLJ\D ^ ^ LD^^C JM - {-) <^ JD^C LM — 

jlPc^ MD + P^ldPc^jf — {—)^^'^^P^jdPc^lf — R^ jlSc^fd = 0, 
pi ( \\cD\p.i j_ q I p-i ( \\CD\r'^ pi _L 

^K JD±C ~ \~) ^K-JC±D + "^D DC\J + ^ JD^K-MC ~ \~) ^ JC^K-MD + 

P^JcS'k.da - {-)^'^^^P^JdSk.ca + S^cdP'k-ja = 0> 
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p A ( \\CD\p A I C ^ j^r^ p ^ ( \\ci^\r^ p A , 

-Tfi JD±C ~ l~J -TB JC±D + '-'S CD| J + JD-TB MC ~ V~J ^ JC^B MD+ 

jcSb^df — {,—)^'^^^P^jdSb^cf + S^cdPb^jf = 0, 

5C[B,C,D} 
5C[B,C,D} 

where, for instanse, J2sc[b,c,d} means the supersymmetric cychc sum over indices B, C, D. 

Identities (19) can be detailed for even and odd components of d-connection, torsion and 
curvature and become very simple if T^jk = and S^bc = 0, . 

As a consequence of a corresponding arrangement of (14) we obtain the Ricci identities 
(for simplicity we establish them only for ds-vector fields, although they may be written for 
every ds-tensor field): 

D{^D^y'lhZ = R{hX, hY)hZ + i^[,V}^^ + ^llkkvyhZ, (20) 
= RivX, hY)hZ + D^l^y^hZ + 



Dl^D^hZ = R(vX, vY)hZ + D\^!^^^Y}hZ 



and 



d[^D^vZ = RihX, hY)vZ + + (21) 

D'CiD^vZ = R{vX, hY)vZ + + d\Xhy}vZ, 

D'f^D^hZ = R{vX, vY)vZ + D^^^^^^y^vZ. 

Considering X = X^ {u)-^ + X^{u)-^ and taking into account the local form of the h- and 
v-covariant s-derivatives and (11), (12), (14), (15) we can express respectively identities (20) 
and (21) in this form: 

vA I \\KL\-^A D ^ T'H TfA -v-I 

^ \K\L — \ — ) ^ \L\K — rlH KL^ ~ KL^ \H — KL^ ±A, 

vi ( — v>i VH r^H vl pA vl 

^ \K±D — [ — ) ^ ±D\K — ^H KD^ ~ KD^ |i7 — -T KD^ ±A, 

±B±C — [ — ) ±C±B — ^H-BC^ ~ BC^ ±A 
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and 

vA I \\KL\^A _ r> S vB rriH t}B vA 

^ \K\L — [ — ) ^ \L\K — J^B KL^ ~ ^ KL^ \H — ^ KL^ ±S, 

^ \KLB — { — } ^ LB\K — -re KB^ ~ <^ KB^^ \H — ^ KB^ ±B, 

vA ( \\CB\^A _ c ^ vD qD \rA 

±B±C ~ \~) ±C±B — i^D BC^ ~ ^ BC^ ±D- 

D. Structure Equations of a d-Connection in a VS-Bundle 

Let, for instance, consider ds-tensor field: 

We introduce the so-called d-connection 1-forms lOj and (Dg as 

Dt = {Dt^j^)Si^5^ 

with 

Dti = dti + cu'jti - Cult's = t\\jdx' + t^^B^y''- 

For the d-connection 1-forms of a d-connection D on f defined by lo^j and lo^ one holds the 
following structure equations: 

d{d^) -d^ aujIj = -n, 

dujj -LUj AiUff = -fij, 
du^ - (Dg A a;^ = -Q^, 
in which the torsion 2-forms fl^ and fl^ are given respectively by formulas: 

= \T'jKd' A + ]f'jKd' A (5^, 

= \R\Kd' Ad^ + \p^jcd' A 5^ + \S^BC8^ A 5^, 

20 



and 

= iRtKHd"" A + \PB^Kcd'' A 5^ + \Sb^cd5'' a 5^. 
We have defined the exterior product on s-space to satisfy the property 

E. Metric Structure of the Total Spase of a SV-Bundle 

We consider the base M of a vs-bundle £ = {E, tte, M) to be a connected and paracom- 
pact s-manifold. 

Definition 3 A metric structure on the total space E of a vs-bundle S is a super symmetric, 
second order, covariant s-tens or field G which in every point u & £ is given by nondegenerate 
s-matrix Gap = G{da, da) (with nonvanishing superdeterminant, sdetG ^ 0). 

Similarly as for usual vector bundles [26,27] we establish this concordance between metric 
and N-connection structures on £: 

G{5i,dA)^0, 

or, in consequence, 

GjA - NfhAB = 0, (22) 

where 

GiA^G{di,dA), 

which gives 

Nf = h^^G.A, 

where matrix h^^ is inverse to matrix Hab — G{dA, Ob)- Thus, in this case, the coefficients 
of N-connection N^{u) are uniquely determined by the components of the metric on £. 
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If the equality (22) holds, the metric on E decomposes as 

G{X, Y) = G{hX, hY) + G{vX, vY) , X,Y e E(E) , 
and looks locally as 

gijd^ ®d-^ + HabS^ ®5^. (23) 
Definition 4 A d-connection D on £ is metric, or compatible with metric G, if conditions 

DaGpj — 

are satisfied. 

We can prove that a d-connection D on £ provided with a metric G is a metric d- 
connection if and only if 

dP (hG) ^0,dP (vG) = 0, (hG) = 0, {vG) = 0, (24) 

for every X e S(£'). Conditions (24) are written in locally adapted form as 

giJ\K — 0, giJ±A — 0, hAB\K — 0, hAB±c — 0. 

In the total space E of sv-bundle £ endowed with a mertic G given by (23) one exists a 
metric d-connection depending only on components of G-metric and N-connection called the 
canonical d-connection associated to G. Its local coefficients CT — {Ljj^, L^j^, Cjq, C^q) 
are as follows: 

^jK = ^g^^i^KgHj + SjgHK - SngjK), 

Li^ = ObN^ + \h^''[5KhBC - {dBN^)hDC - {dcN^)hDB], (25) 

C'jc = Ig'^'dcgjK, 
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We point out that, in general, the torsion of CT-connection (25) das not vanish (see formulas 
(12)). 

It is very important to note that on sv-bundles provided with N-connection and d- 
connection and metric structures realy it is defined a multiconnection d-structure, i.e. we 
can use in an equivalent geometric manner different variants of d- connections with various 
properties. For example, for modeling of some physical processes we can use the Berwald 
type d-connection (see (5)) 

Br^{L'jK,dBNlO,C^Bc), (26) 
where jk — L^jk C^bc = Cbci which is hv-metric, i.e. satisfies conditions: 

DfhG = 

and 

D^pvG = 0, 

for every X G S(i5), or in locally adapted coordinates, 

gij\K = 

and 

hAB±C = 0. 

As well we can introduce the Levi-Civita connection 

{— } = -G°'^{di3Grf + d^Grp — drGpy), 
PI 2 

constructed as in the Riemann geometry from components of metric Gap by using partial 
derivations da = = {-^, which is metric but not a d-connection. 
Another metric d-connection can be defined as 

— ^^'^'^{dfjGr'y + 5^GtI3 — SrGp^), (27) 
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with components Cf = {L^jk, 0, 0, C'^bc), where coefficients jk and C^bc are computed 
as in formulas (26). We call the coefficients (27) the generalized Christofell symbols on vs- 
bundle £. 

For our further considerations it is useful to express arbitrary d-connection as a defor- 
mation of the background d-connection (26): 

r"/37 = + P'^M^ (28) 

where P°'i3'y is called the deformation ds-tensor. Putting splitting (29) into (12) and (16) 
we can express torsion T"^^ and curvature R/s^^g of a d-connection F"^^ as respective de- 
formations of torsion Tg^ and torsion R'^i^s for connection F^^ : 

T^, = + (29) 

and 
where 

-'- p-y — Pi y ) J- 7/3 "T"^ 75, — K ) J- 7/3' 

and 

^^l3-i5 — (^S^ /37 \ I "7-'- /3(5 + ifS \ ) ^ f35^ ip-y + ^ fdip^ lii 

the nonholonomy coefficients w^jj^ are defined as 

Finally, in this section we remark that if from geometric point of view all considered d- 
connections are " equal in rights" , the construction of physical models on la-spaces requires 
an explicit fixing of the type of d-connection and metric structures. 
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V. SUPERSYMMETRIC EXTENSIONS OF GENERALIZED LAGRANGE AND 

FINSLER SPACES 



Let us fix our attention to the st- bundle TM. The aim of this section is to formulate 
some results in the supergeometry of TM and to use them in order to develop the geometry 
of Finsler and Lagrange superspaces (classical and new approaches to Finsler geometry, its 
generalizations and applications in physics are contained,for example, in [20-30]. 

All presented in the previous section basic results on sv-bundles provided with N- 
connection, d-connection and metric structures hold good for TM. In this case the dimension 
of the base space and typical fibre coincides and we can write locally, for instance, s-vectors 
as 

X = X^5i + Y^di = X^5i + 

where = = {x^,!/^"^^). 

On st-bundles we can define a global map 

J : 5(TM) ^ S(TM) (31) 

which does not depend on N-connection structure: 



and 

This endomorphism is called the natural (or canonical) almost tangent structure on TM; it 
has the properties: 

1) = 0, 2)ImJ = KerJ = VTM 
and 3) the Nigenhuis s-tensor, 

Nj{X, Y) = [JX, JY} - J[JX, Y} - J[X, JY] 
(X,Y eE{TN)) 

identically vanishes, i.e. the natural almost tangent structure J on TM is integrable. 

25 



A. Notions of Generalized Lagrange, Lagrange and Finsler Superspaces 



Let M be a supersmooth (n+m)-dimensional s-manifold and {TM, r, M) its st-bundle. 
The metric of type gij{x,y) was introduced by P.Finsler as a generalization of that for 
Riemannian spaces. Variables y — (y*) can be interpreted as parameters of local anisotropy 
or of fluctuations in nonhomogeneous and turbulent media. The most general form of metrics 
with local anisotropy have been recently studied in the frame of the so-called generahzed 
Lagrange geometry (GL-geometry, the geometry of GL-spaces) [26,27]. For s-spaces we 
introduce this 

Definition 5 A generalized Lagrange superspace, GLS- space, is a pair GL'^''^ — 
{M,gij{x,y)), where gij{x,y) is a ds- tensor field on TM — TM — {0}, super- 
symmetric of superrank {n,m). 

We call gij as the fundamental ds-tensor, or metric ds-tensor, of GLS-space. In this 
work we shall not intrioduce a supersymmetric notion of signature in order to be able to 
consider physical models with variable signature on the even part of the s-spaces. 

It is well known that if M is a paracompact s-manifold there exists at least a nonlinear 
connection in the its tangent bundle. Thus it is quite natural to fix a nonlinear connection 
N in TM and to relate it to gij{x, y), by using equations (22) written on TM. For simplicity, 
we can consider N-connection with vanishing torsion , when 

Let denote a normal d-connection, defined by using N and adapted to the almost tangent 
structure (31) as DT — [L^jk, C^jk)- This d-connection is compatible with metric gij{x, y) 
if 9iJ\K = and gij±K = 0. 

There exists an unique d-connection Cr{N) which is compatible with gij{u) and has 
vanishing torsions jk and jk (see formulas (12) rewritten for st-bundles). This con- 
nection, depending only on gij{u) and Nj{u) is called the canonical metric d-connection of 
GLS-space. It has coefficients 
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L^jK = ^9^^{SjgHK + ShQjk - ShQjk), (32) 

C^JK = ^9^"{djgHK + dngjK - dngsx)- 
Of course, metric d-connections different from Cr{N) may be found. For instance, there is 
a unique normal d-connection Dr{N) — {U.jki which is metric and has a priori given 

torsions jk and S^jk- The coefficients of Dr{N) are the following ones: 

^^JK — JK — -g^^igjRT^HK + gKRT^HJ — gHRT^Kj), 
^^JK — JK — -^g^^igjRS^HK + gKRS^HJ — gHRS^Kj), 

where jk and jk are the same as for the Cr(A^)-connection (32). 

The Lagrange spaces were introduced [46] in order to geometrize the concept of La- 
grangian in mechanics. The Lagrange geometry is studied in details in [26,27]. For s-spaces 
we present this generalization: 

Definition 6 A Lagrange s-space, LS-space, L"'"^ = (M, gij)i is defined as a particular case 
of GLS-space when the ds-metric on M can he expressed as 

1 d^C 

where C : TM A, is a s-differentiable function called a s-Lagrangian on M. 

Now we consider the supersymmetric extension of the Finsler space: 

A Finsler s-metric on M is a function Fg '■ TM A having the properties: 

1. The restriction of Fs to TM — TM\{Q} is of the class G°° and F is only supersmooth 
on the image of the null cross-section in the st-bundle to M. 

2. The restriction of F to TM is positively homogeneous of degree 1 with respect to {y^), 
i.e. F(x, \y) — XF{x, y), where A is a real positive number. 

3. The restriction of F to the even subspace of TM is a positive function. 

4. The quadratic form on A"'™ with the coefficients 

1 d^F^ 

= 2 W '''' 

defined on TM is nondegenerate. 
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Definition 7 A pair F'"''^ — (M, F) which consists from a supersmooth s-manifold M and 
a Finsler s-metric is called a Finsler superspace, FS-space. 

It's obvious that FS-spaces form a particular class of LS-spaces with s-Lagrangian L — F"^ 
and a particular class of GLS-spaces with metrics of type (34). 

For a FS-space we can introduce the supersymmetric variant of nonlinear Cartan con- 
nection [24,25]: 



where 



and g*^'^ is inverse to g}j{u) — | QyiQyj ■ ^^is case the coefficients of canonical metric d- 
connection (32) gives the supersymmetric variants of coefficients of the Cartan connection 
of Finsler spaces. A similar remark applies to the Lagrange superspaces. 

B. The Supersymmetric Almost Hermitian Model of the GLS— Space 

Consider a GLS-space endowed with the canonical metric d-connection Cr{N). Let 
— i^a, di) be a usual adapted frame (6) on TM and 6" = {d^ , 6^) its dual. The linear 
operator 

F : S(TM) ^ S(TM), 

acting on Sa by F{Si — —dj, F{di) — Sj, defines an almost complex structure on TM. 
We shall obtain a complex structure if and only if the even component of the horizontal 
distribution N is integrable. For s-spaces, in general with even and odd components, we 
write the supersymmetric almost Hermitian property (almost Hermitian s-structure) as 

The s-metric gij{x,y) on GLS-spaces induces on TM the following metric: 

G = gij{u)dx^ dx-^ + gij{u)Sy^ (g) Sy^ . (35) 
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We can verify that pair (G, F) is an almost Hermitian s-structure on TM with the associated 
supersymmetric 2-form 

e ^ gij{x,y)6y^ Adx-^. 

The almost Hermitian s-space 

^2n,2m _ ^^^^^ provided with a metric of type (35) 

is called the lift on TM, or the almost Hermitian s-model, of GLS-space GL"'"*. We say 
that a linear connection D on TM is almost Hermitian supersymmetric of Lagrange type 
if it preserves by parallelism the vertical distribution V and is compatible with the almost 
Hermitian s-structure {G,F), i.e. 

DxG = 0, DxF = 0, (36) 

for every X e S(TM). 

There exists an unique almost Hermitian connection of Lagrange type D*^*^^ having h(hh)- 
and v(vv)-torsions equal to zero. We can prove (similarly as in [26,27]) that coefficients 
{L^ jK, jk) oiD^'^^ in the adapted basis (5/, dj) are just the coefficients (32) of the canonical 
metric d-connection Cr{N) of the GLS-space GL^"'"^). Inversely , we can say that Gr(A^)- 
connection determines on TN and supersymmetric almost Hermitian connection of Lagrange 
type with vanishing h(hh)- and v(vv) -torsions. If instead of GLs-space metric gu in (34) 
the Lagrange (or Finsler) s- metric (32) (or (33)) is taken, we obtain the almost Hermitian 
s-model of Lagrange (or Finsler) s-spaces L"'"* (or F"'"*) . 

We note that the natural compatibility conditions (36) for the metric (35) and CT{N)- 
connections on if^"'^"*-spaces plays an important role for developing physical models on 
la-superspaces. In the case of usual locally anisotropic spaces geometric constructions and 
d-covariant calculus are very similar to those for the Riemann and Einstein-Cartan spaces. 
This is exploited for formulation in a selfconsistent manner the theory of spinors on la-spaces 
[35], for introducing a geometric background for locally anisotropic Yang-Mills and gauge 
like gravitational interactions [31,32] and for extending the theory of stochastic processes 
and diffusion to the case of locally anisotropic spaces and interactions on such spaces [47] . In 
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a similar manner we shall use in this work N-lifts to sv- and st- bundles in order to investigate 
supergravitational la-models. 

VI. SUPERGRAVITY ON LOCALLY ANISOTROPIC SUPERSPACES 

In this section we shall introduce a set of Einstein and (equivalent in our case) gauge like 
gravitational equations, i.e. we shall formulate two variants of la-sup ergravity, on the total 
space E of a sv-bundle E over a supersmooth manifold M. The first model will be a variant of 
locally anisotropic supergravity theory generalizing the Miron and Anastasiei model [26,27] 
on vector bundles (they considered prescribed components of N-connection and h(hh)- and 
v(vv)-torsions, in our approach we shall introduce algebraic equations for torsion and its 
source) . The second model will be a la-supersymmetric extension of constructions for gauge 
la-gravity [31,32] and affine-gauge interpretation of the Einstein gravity [55,56]. There are 
two ways in developing supergravitational models. We can try to maintain similarity to 
Einstein's general relativity (see in [48,49] an example of locally isotropic supergravity) and 
to formulate a variant of Einstein-Cartan theory on sv-bundles, this will be the aim of the 
subsection A, or to introduce into consideration supervielbein variables and to formulate 
a supersymmetric gauge like model of la-supergravity (this approach is more accepted in 
the usual locally isotropic supergravity, see as a review [45]). The last variant will be 
analysed in subsection B by using the s-bundle of supersymmetric affine adapted frames 
on la-superspaces. For both models of la-supergravity we shall consider the matter field 
contributions as giving rise to corresponding sources in la-supergravitational field equations. 
A detailed study of supersymmetric of la-gravitational and matter fields is a matter of our 
further investigations [58]. 
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A. Einstein— Cartan Equations on SV— Bundles 

Let consider a sv-bundle £ — {E,7r, M) provided with some compatible nonlinear con- 
nection N, d-connection D and metric G structures. For a locally N-adapted frame we write 

S 5 



a 



where the d-connection D has the following coefficients: 



r^jA = c^jA, r^^j = 0, r^AB — o, t^jk — o, t^jb — o, t^bk — l^bk, ^^bc = c^bc- 



(37) 

The nonholonomy coefficients w^ai3, defined as [Sa, (^/j) = w^a/s^-y, are as follows: 
w'^ij = 0, w^'aj = 0, w^'iA = 0, w^'ab = 0, w^ij = R^ij, 

By straightforward calculations we can obtain respectively these components of torsion, 

T{S^,Si3) = T^^Sa, and curvature, 7^(5^, = 7l'^,^^da, ds-tensors: 



and 



- 


rpl /-i-I rrl 

~- JK, J-.JA — ^ JA, J-.JA — ' 


JA, J-.AB 


= 0, 


(38) 


rrA _ 


_ rfA rrA _ pA rrA _ 
- -K IJ, -i.IB — ~^ BI, -l.BI - 


_ pA rrA 

- r BI, -l.BC 


= S^BC 




'^I-KL — 


R/ KLi T^B.KL = 0> T^J KL = 


n 7?'^ — 


-'^BKLj 


(39) 


'^J KD ' 
^JDK — 
'^JCD 


= P/ KD-, T^B KD — 0> ^J^.KD 

—P/kd, T^Ldk — 0) T^J^DK 

— Sj^CD: T^B CD — 0) ^J^CD 


— n 7?'^ 

— U, l^-B.KD 

— 0) T^B DK 

— 0, T^B .CD 


— p A 

— S KD, 

— P ^ 

— — -TB KD, 

— q A 

— >JB CD 





(for explicit dependencies of components of torsions and curvatures on components of d- 
connection see formulas (12) and (16)). 
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The locally adapted components TZa/s — TZ'ic{D){5a-i5p) (we point that in general on 
st-bundles TZap 7^ (— of the Ricci tensor are as follows: 

njj = Ri'^jK, = -('^P/A = -Pi'^KA (40) 

TZaI — ^^^PaI — P^IBi T^AB — Sa^ BC — ^AB- 

For scalar curvature, TZ — Sc{D) — G°'^Tla(3, we have 

Sc{D) = R + S, (41) 

where R = g^-^Rij and S = H^^Sab- 

The Einstein-Cartan equations on sv-bundles are written as 

TZajS — -jpocpTZ + \Gaj3 — l^lJa/S, (42) 

and 

T^^ + G/TV - (-)"'^'G'/rV = '^2Q%^, (43) 

where JTq/j and Qp^ are respectively components of energy-momentum and spin-density of 
matter ds-tensors on la-space, ki and K2 are the corresponding interaction constants and 
A is the cosmological constant. To write in a explicit form the mentioned matter sources 
of la-supergravity in (42) and (43) there are necessary more detailed studies of models of 
interaction of superfields on la-superspaces (see first results for Yang-Mills and spinor fields 
on la-spaces in [31,32,35] and, from different points of view, [28,29,38]). We omit such 
considerations in this paper. 

Equations (42), specified in (x,y)-components, 

Rij-^{R + S- X)gij = KiJjj, ^'^Pai = ki^'^Jai, (44) 

Sab -^{S + R- X)hAB = «2 Jab, ^^^Pia = -«2^'^ J/a, 

arc a supersymmetric, with cosmological term, generalization of the similar ones presented 
in [26,27], with prescribed N-connection and h(hh)- and v(vv)-torsions. We have added 
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algebraic equations (43) in order to close the system of s-gravitational field equations (really 
we have also to take into account the system of constraints (22) if locally anisotropic s- 
gravitational field is associated to a ds- metric (23)). 

We point out that on la-superspaces the divergence DaJ"" does not vanish (this is a 
consequence of generahzed Bianchi and Ricci identities (17), (19) and (20), (21)). The d- 
covariant derivations of the left and right parts of (42), equivalently of (44), are as follows: 

1 - \ [i?/-i(i? + 5-2A)(5/],, + WpVA = 0, 

where 
and 

D^J^p^U^, (45) 



where 



and 



Uo. = \{G^'n^pr-a, - {-t'^G^'n^^Tl + K^^). (46) 

/^From the last formula it follows that ds- vector Ua vanishes if d-connection (37) is torsionless. 

No wonder that conservation laws for values of energy-momentum type, being a conse- 
quence of global automorphisms of spaces and s-spaces, or, respectively, of theirs tangent 
spaces and s-spaces (for models on curved spaces and s-spaces), on la-superspaces are 
more sophisticated because, in general, such automorphisms do not exist for a generic local 
anisotropy. We can construct a la-model of supergravity, in a way similar to that for the 
Einstein theory if instead an arbitrary metric d-connection the generalized Christoffel sym- 
bols (see (27)) are used. This will be a locally anisotropic supersymmetric model on 
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the base s-manifold M which looks hke locally isotropic on the total space of a sv-bundle. 
More general supergravitational models which are locally anisotropic on the both base and 
total spaces can be generated by using deformations of d-connections of type (28). In this 
case the vector Ua from (46) can be interpreted as a corresponding source of generic local 
anisotropy satisfying generalized conservation laws of type (45). 

More completely the problem of formulation of conservation laws for both locally isotropic 
and anisotropic supergravity can be solved in the frame of the theory of nearly autoparallel 
maps of sv- bundles (with specific deformation of d-connections (28), torsion (29) and cur- 
vature (30)), which have to generalize our constructions from [33,34,51]. This is a matter of 
our further investigations. 

We end this subsection with the remark that field equations of type (42), equivalently 
(44), and (43) for la-supergravity can be similarly introduced for the particular cases of 
GLS-spaces with metric (35) on TM with coefficients parametrized as for the Lagrange, 
(33), or Finsler, (34), spaces. 



B. Gauge Like Locally Anisotropic Supergravity 

The great part of theories of locally isotropic s-gravity are formulated as gauge super- 
symmetric models based on supervielbein formalism (see [45,51-53]). Similar approaches 
to la-supergravity on vs-bundles can be developed by considering an arbitrary adapted to 
N-connection frame BgXu) — {Bi_{u), Bc{u)) on £ and supervielbein, s-vielbein, matrix 



AMu) 



V 



Ar^ 







\ 



GL{n, k, A) © GL{m, I, A) 



for which 



A^^u)B^iu), 
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or, equivalently, ^ = Ai-{x,y)Bi_{x,y) and ^ = Ac-Bc{x,y), and 

where, for simplicity, 77^^ is a constant metric on vs-space V"'''' © V'''"^. 

We denote by LN{£) the set of all adapted frames in all points of sv-bundle £. Con- 
sidering the surjective s-map vr^ from LN{£) to £ and treating GL^^(A) as the structural 
s-group we define a principal s-bundle, 

CN{£) = {LN{£),7rL : LN{£) ^ £,GLli{A)), 

called as the s-bundle of hnear adapted frames on £. 

Let denote the canonical basis of the sl-algebra Q^^J^ for a s-group GL^^'l{A) as /«, where 
index a — {I, J) enumerates the Z2 -graded components. The structural coefficients f^^'^ 
of satisfy s-commutation rules 

[la, I^} — fafh- 

On £ we consider the connection 1-form 

r = V^p^{u)idu\ (47) 



where 



F"^^ are the components of the metric d-connection (37), s- matrix A^^ p is inverse to 



the s-vielbein matrix A-a, and 



SL-algebra Qn^- 

The curvature B of the connection (47), 



is the standard distinguished basis in 



B = dT + T ^T = Ti^ .Ij5u< A 6u^ (48) 



"'a-7<5 /3 

has coefficients 

7e|,, = A\{u)A^p{u)nt,s, 
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where TZ'^_^^ are the components of the ds-tensor (39). 

Aside from CN{E) with vs-bundle £ it is naturally related another s-bundle, the bundle 
of adapted affine frames 8N{8) = {AN{8),t:a ■ AN{8) 8,AF^^'l{A)) with the structural 
s-group AN'^'l(A) = GL^f (A) A"'*^ © A""-' being a semidirect product (denoted by 

) of GL'^iiA) and A"''^ © A"*''. Because as a linear s-space the LS-algebra AQl of s- 
group AF^j^{A), is a direct sum of g'^^'l and A"'^ © A'"'^ we can write forms on AN (8) 
as © = (©1,62), where ©1 is the ^^^'-component and ©2 is the (A"''^ © A"*'')-component 
of the form ©. The connection (47) in CN{8) induces a Cartan connection V in AN[8) 
(see, for instance, in [55] the case of usual affine frame bundles ). This is the unique 
connection on s-bundle AN {8) represented as i*V — (F, x), where x is the shifting form and 

1 : AN{8) CN{8) is the trivial reduction of s-bundles. li B = (Bg) is a local adapted 
frame in CN{8) then B = i o B is a local section in AN{8) and 

r = 5r = (r,x), (49) 

B^BB^{B,r), 

where x = ea^A-^du", is the standard basis in A"''^© A'"'^ and torsion T is introduced 
as 

r = dx + [r A x} = X%eadu'^ A du^, 

T^^ — A-aT'^.pj are defined by the components of the torsion ds-tensor (38). 

By using metric G (35) on sv-bundle 8 we can define the dual (Hodge) operator *c '■ 
A'^'*(£) —>■ a" ^''^ '^{8) for forms with values in LS~algebras on 8 (see details, for instance, 
in [52]), where A'^'^(8) denotes the s-algebra of exterior (q,s)-forms on 8. 

Let operator be the inverse to operator * and Sq be the adjoint to the absolute 
derivation d (associated to the scalar product for s-forms) specified for (r,s)-forms as 

6g = {~^y^^*G^ o d o *Q. 
Both introduced operators act in the space of LS-algebra-valued forms as 
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and 

If the supersymmetric variant of the KiUing form for the structural s-group of a s-bundle 
into consideration is degenerate as a s-matrix (for instance, this holds for s-bundle AN(E) 
) we use an auxiliary nondegenerate bilinear s~form in order to define formally a metric 
structure in the total space of the s-bundle. In this case we can introduce operator 
5s acting in the total space and define operator A = H o S_a, where H is the operator of 
horizontal projection. After ^-projection we shall not have dependence on components of 
auxiliary bilinear forms. 

Methods of abstract geometric calculus, by using operators *g, *a, ^g, 5a and A, are 
illustrated, for instance, in [54-57] for locally isotropic, and in [32] for locally anisotropic, 
spaces. Because on superspaces these operators act in a similar manner we omit tedious 
intermediate calculations and present the final necessary results. For AB one computers 

AF= (AB,7^T + 7^^), 

where TZr = SqJ + *g^[T, *J} and 

TZi - *g'\x, *Gn} = (-l)"+'=+'+"^7^e.^G"^ea5^^^ (50) 

Form TZi from (50) is locally constructed by using the components of the Ricci ds-tensor 
(40) as it follows from the decomposition with respect to a locally adapted basis 6u°' (7). 
Equations 

AB = (51) 

are equivalent to the geometric form of Yang-Mills equations for the connection F (see (49)). 
In [55-57] it is proved that such gauge equations coincide with the vacuum Einstein equations 
if as components of connection form (47) are used the usual Christoffel symbols. For spaces 
with local anisotropy the torsion of a metric d-connection in general is not vanishing and we 
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have to introduce the source 1-form in the right part of (51) even gravitational interactions 
with matter fields are not considered [32]. 

Let us consider the locally anisotropic supersymmetric matter source J constructed by 
using the same formulas as for AB when instead of V.q,^ from (50) is taken k\ {Jap—\GapJ) — 
^{Gap — ^GafsG'^). By straightforward calculations we can verify that Yang-Mills equations 

AB^J (52) 

for torsionless connection F — (F, x) in s-bundle AN{£) are equivalent to Einstein equations 
(42) on sv-bundle £. But such types of gauge like la-supergravitational equations, completed 
with algebraic equations for torsion and s-spin source, are not variational in the total space 
of the s-bundle AL(E). This is a consequence of the mentioned degeneration of the Killing 
form for the affine structural group [55,56] which also holds for our la-supersymmetric gen- 
eralization. We point out that we have introduced equations (52) in a "pure" geometric 
manner by using operators *, 5 and horizontal projection H. 

We end this section by emphasizing that to construct a variational gauge like supersym- 
metric la-gravitational model is possible, for instance, by considering a minimal extension 
of the gauge s-group AF^j}{A) to the de Sitter s-group -S'^fe(A) = -SO^f (A), acting on space 
^ri,k ® ^> formulating a nonlinear version of de Sitter gauge s-gravity (see [57] for lo- 
cally isotropic gauge gravity and [32] for a locally anisotropic variant) . Such s-gravitational 
models will be analyzed in details in [58]. 

VII. DISCUSSION AND CONCLUSIONS 

In this paper we have formulated the theory of nonlinear and distinguished connections 
in sv-bundles which is a framework for developing supersymmetric models of fundamental 
physical interactions on la-superspaces. Our approach has the advantage of making man- 
ifest the relevant structures of supersymmetric theories with local anisotropy and putting 
great emphasis on the analogy with both usual locally isotropic supersymmetric gravita- 
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tional models and locally anisotropic gravitational theory on vector bundles provided with 
compatible nonlinear and distinguished linear connections and metric structures. 

The proposed supersymmetric differential geometric techniques allows us a rigorous 
mathematical study and analysis of physical consequences of various variants of supergrav- 
itational theories (developed in a manner similar to the Einstein theory, or in a gauge like 
form). As two examples we have considered in details two models of locally anisotropic 
supergravity which have been chosen to be equivalent in order to illustrate the efficience and 
particularities of applications of our formalism in supersymmetric theories of la-gravity. 

We emphasize that there are a number of arguments for taking into account effects of 
possible local anisotropy of both the space-time and fundamental interactions. For exam- 
ple, it's well known the result that a selfconsistent description of radiational processes in 
classical field theories requiers adding of higher derivation terms (in classical electrodynam- 
ics radiation is modelated by introducing a corresponding term proportional to the third 
derivation on time of coordinates). A very important argument for developing quantum 
field models on the tangent bundle is the unclosed character of quantum electrodynamics. 
The renormalized amplitudes in the framework of this theory tend to oo with values of 
momenta p — > oo. To avoid this problem one introduces additional suppositions, modifica- 
tions of fundamental principles and extensions of the theory, which are less motivated from 
physical point of view. Similar constructions, but more sophisticated, are in order for mod- 
elling of radiational dissipation in all variants of classical and quantum (super) gravity and 
(supersymmetric) quantum field theories with higher derivations. It is quite possible that 
the Early Universe was in a state with local anisotropy caused by fluctuations of quantum 
space-time " foam" . 

The above mentioned points to the necessity to extend the geometric background of some 
models of classical and quantum field interactions if a careful analysis of physical processes 
with non-negligible beak reaction, quantum and statistical fluctuations, turbulence, random 
dislocations and disclinations in continuous media and so on. 
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